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Abstract
This paper discusses a kind of bent functions that have some symmetric properties about some variables. Section 2 mainly
discusses the bent functions symmetric about some two variables and gives the necessary and sufﬁcient condition for these functions.
Section 3 gives algebraic expressions of some bent functions.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let Vn be a linear space over GF(2) of dimension n and f (x) be a function from Vn to GF(2) (such functions
called Boolean functions), where x = (x1, . . . , xn) ∈ Vn. Let = {x1, . . . , xn}, we also say f is a function of  or of x.
For any two elements a = (a1, . . . , an), b= (b1, . . . , bn) ∈ Vn, let a · b= a1b1 +· · ·+ anbn be the usual inner product.
Since, all functions f (x) from Vn to GF(2) are actually polynomials of x = (x1, . . . , xn) with property that f (x)2 =
f (x), every function from Vn to GF(2) can be written into a reduced form, which is uniquely determined, i.e. a
polynomial in which the degree in each variable xi , i = 1, . . . , n is at most one. Throughout this paper, all functions
are of reduced form.
From the character theory for Abelian groups we may write
(−1)f (x) = 1
2n/2
∑
∈Vn
c()(−1)·x , (1.1)
where the c() is the Fourier coefﬁcient of f (x) given by
c() = 1
2n/2
∑
x∈Vn
(−1)f (x)+·x . (1.2)
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Deﬁnition 1.1. A Boolean function f (x) is called bent if all its Fourier coefﬁcients are ±1.
We list some basic results about bent function in the following of this section, which will be useful in our paper, for
more detail see Refs. [1], [2], [3] and [4].
1.1. If Vn admits a bent function then n = 2p for some positive integer p. Therefore, we can assume that n = 2p.
1.2. In equality (1.2) 2pc() is equal to the number of zeros minus the number of ones of the function f (x) +  · x.
1.3. Parseval’s relation∑
∈Vn
c()2 = 2n.
1.4. A balanced function from Vn to GF(2) is such a function that takes values on GF(2) equally.
A Boolean function f (x) on V2p is bent if and only if f (x) + f (x + a) is balanced for all 0 = a ∈ V2p.
The aim of this paper is to investigate the properties of those bent functions that satisfy the following deﬁnitions and
to classify them.
Deﬁnition 1.2. A function f is called symmetric about two variables of f, say y and z, if exchange of the positions of y
and z in the expression of f does not change the function f itself.
Deﬁnition 1.3. Let f = f (x1, . . . , xn) is a function on Vn (has n variables), and  ⊆ {x1, . . . , xn}, we say that f is
symmetric about variables in  if f is symmetric about any two variables in . Especially if = {x1, . . . , xn}, we say
that f is symmetric about its all variables, or simply, f is symmetric.
2. Some properties of bent functions symmetric about two variables
Let f be a function on V2p, y and z are two variables of f, then it is easy to know that f can be expressed as
f (x′, y, z) = p(x′) + q(x′)y + r(x′)z + s(x′)yz
for some functions p(x′), q(x′), r(x′), s(x′), where x′ stands for remaining 2p − 2 variables of f. Thus, we have
the expression V2p = V2p−2V2 with x′ ∈ V2p−2 and (y, z) ∈ V2. If f (x′, y, z) is symmetric about y and z, then
f (x′, y, z) = f (x′, z, y), hence q(x′) = r(x′). Thus, we have the following lemma.
Lemma 2.1. If a function f (x) on V2p is symmetric about its two variables y and z, then
f (x) = f (x′, y, z) = p(x′) + q(x′)(y + z) + s(x′)yz (2.1)
for some functions p(x′), q(x′), s(x′) on V2p−2, where x′ ∈ V2p−2.
Let f (x′, y, z) be a Boolean function symmetric about y and z with x′ ∈ V2p−2, (y, z) ∈ V2,  ∈ V2p−2 and
(, ) ∈ V2, then the Fourier coefﬁcient c(, , ) of f (x′, y, z) is
c(, , ) = 1
2p
∑
x′,y,z
(−1)f (x′,y,z)+·x′+y+z
= 1
2p
∑
x′,y
(−1)p(x′)+·x′+(q(x′)+)y
∑
z=0,1
(−1)(q(x′)+s(x′)y+)z.
Noticing that
∑
z=0,1
(−1)(q(x′)+s(x′)y+)z =
{
0 if q(x′) + s(x′)y + = 1,
2 if q(x′) + s(x′)y + = 0,
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we have
c(, , ) = 1
2p
2
∑
q(x′)+s(x′)y+=0
(−1)p(x′)+·x′+(q(x′)+)y
= 1
2p−1
⎡
⎢⎢⎢⎣
∑
s(x′)=1
(−1)p(x′)+·x′+(q(x′)+)(q(x′)+) +
∑
s(x′)=0
q(x′)=
(−1)p(x′)+·x′
∑
y=0,1
(−1)(q(x′)+)y
⎤
⎥⎥⎥⎦ .
But we also have
∑
y=0,1
(−1)(q(x′)+)y =
{
0 if q(x′) = ,
2 if q(x′) = .
So
c(, , ) = 1
2p−1
⎡
⎢⎢⎢⎢⎢⎣
∑
s(x′)=1
(−1)p(x′)+·x′+(q(x′)+)(q(x′)+) + 2
∑
s(x′)=0
q(x′)=
q(x′)=
(−1)p(x′)+·x′
⎤
⎥⎥⎥⎥⎥⎦
. (2.2)
Lemma 2.2. If a bent function f (x′, y, z) onV2p−2V2 with x′ ∈ V2p−2 and (y, z) ∈ V2 is symmetric about variables
y and z, then f (x′, y, z) must have the term of the form s(x′)yz, i.e. s(x′) is a non-zero function on V2p−2.
Proof. From (2.1) in Lemma 2.1 we only have to prove that s(x′) = 0 for some x′ ∈ V2p−2. If s(x′) ≡ 0, then
c(, , ) = 1
2p−1
∑
q(x′)=,q(x′)=
(−1)p(x′)+·x′
from equality (2.2). Take = 0, = 1, we obtain c(, 0, 1)= 0 = ±1. Thus, f (x′, y, z) cannot be a bent function. 
Lemma 2.3. If a bent function f (x)=f (x′, y, z)=p(x′)+q(x′)y+ r(x′)z+ s(x′)yz on V2p−2V2 with x′ ∈ V2p−2
and (y, z) ∈ V2 is symmetric about variables y and z, then s(x′) ≡ 1 i.e.
f (x′, y, z) = p(x′) + q(x′)(y + z) + yz (2.3)
and p(x′) and p(x′) + q(x′) are bent functions on V2p−2.
Proof. From Lemma 2.1 we have f (x′, y, z)=p(x′)+q(x′)(y+z)+s(x′)yz, so we only have to show that s(x′) ≡ 1.
From the basic result 1.4 in Section 1, a function f (x) is bent if and only if f (x)+ f (x + a) is balanced for all a = 0.
Thus, f (x′, y, z)+f (x′, y+, z+) is balanced for all (, ) = (0, 0). Take (, )=(1, 1), then, by simple calculation,
f (x′, y, z) + f (x′, y + 1, z + 1) = s(x′)(y + z + 1).
It is balanced. Hence,
∑
x′,y,z(−1)s(x
′)(y+z+1) = 0 and
0 =
∑
x′,y,z
(−1)s(x′)(y+z+1) =
∑
x′,y
(−1)s(x′)(y+1)
∑
z
(−1)s(x′)z = 4
∑
s(x′)=0
1,
which means the set {x′ ∈ V2p−2|s(x′) = 0} is empty. Thus, s(x′) ≡ 1.
From formula (2.2) and the lemma is proven, we have
c(, , ) = 1
2p−1
∑
x′∈V2p−2
(−1)p(x′)+·x′+(q(x′)+)(q(x′)+). (2.4)
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Especially
c(, 0, 0) = −c(, 1, 1) = 1
2p−1
∑
x′∈V2p−2
(−1)p(x′)+·x′+q(x′), (2.4.1)
c(, 0, 1) = c(, 1, 0) = 1
2p−1
∑
x′∈V2p−2
(−1)p(x′)+·x′ . (2.4.2)
However, c(, , )=±1 since f (x)=f (x′, y, z) is a bent function, thusp(x′) andp(x′)+q(x′) are two bent functions
from (2.4.1) and (2.4.2). 
Summarizing the results in Section 2 above, we obtain the following theorem.
Theorem 2.1. A bent function f (x) of 2p(p1) Boolean variables is symmetric about two variables, say y and z, if
and only if f (x) can be expressed as
f (x) = p(x′) + q(x′)(y + z) + yz, (2.5)
where x′ is stands for 2p − 2 Boolean variables, and both p(x′) and p(x′) + q(x′) are bent functions on x′.
Proof. From Lemma 2.3 the sufﬁcient of the theorem is proven. Now we prove the necessary condition.
Suppose
f (x) = p(x′) + q(x′)(y + z) + yz, (2.6)
where x′ is stands for 2p − 2 Boolean variables, and both p(x′) and p(x′)+ q(x′) are bent functions on x′. Then f (x)
is symmetric about y and z. So we need only to prove that f (x) is bent, i.e. to prove that its Fourier coefﬁcients
c(, , ) =
∑
x′,y,z
(−1)f (x′,y,z)+·x+y+z
are equal to ±1 for any (, , ) ∈ V2p. By direct calculation as before we obtain equalities (2.4.1) and (2.4.2).
(Actually the computations of Fourier coefﬁcients from beginning of this section to (2.4.1) and (2.4.2) do not apply
the assumption that f (x) is a bent function.) Now since p(x′) and p(x′) + q(x′) are bent, from (2.4.1) and (2.4.2),
c(, 0, 0), c(, 0, 1), c(, 1, 0), c(, 1, 1) are ±1 for any  ∈ V2p−2, hence c(, , )=±1 for any (, , ) ∈ V2p. 
3. Algebraic expressions of bent functions
In [5], the author has given the classiﬁcation of bent functions that are symmetric about its all Boolean variables.
Here, we give a simple approach to the same results by using the results in Section 2. One can see later that the Theorem
2.1 plays a basic role in dealing with symmetric properties of bent functions.
In this section let  = {x1, . . . , xn}, f (x) is a function of variables , and sometimes we also say that f (x) is a
function on Vn.
Remark. The following lemma is the main result of article [5]. Here, we give a different proof.
Lemma 3.1. If a bent function f (x), x = (x1, . . . , xn), is symmetric about its all variables, then f (x) can be written
into the following expression
f (x) =
∑
1 i<jn
xixj + a
∑
1 in
xi + b, (3.1)
where a, b ∈ GF(2). Thus, with the different pairs of a and b, there are four types of this kind of bent functions.
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Proof. Take any two variables xi and xj , i = j off (x),f (x)must be symmetric about xi and xj . Thus, byTheorem2.1,
f (x) must have the term xixj . From the arbitrariness all term xixj , 1 i < jn present in f (x), i.e.
∑
1 i<jn xixj
is in f (x).
Next we show that f (x) cannot have the terms of degree great than two. Otherwise, if f (x) has such a term T, then
T must contain two variables, say y and z, y, z ∈ {x1, . . . , xn}. Let x′ = {x1, . . . , xn}\{y, z}, then
f (x) = p(x′) + q(x′)(y + z) + s(x′)yz.
by Lemma 2.1, and then s(x′) ≡ 1 by Lemma 2.3. Thus, T = yz. This is a contradict with that T is the term of degree
great than two.
Finally, there may be a term of degree one and zero, say x1 in f (x), then by the symmetric property of f (x), all
the terms xi, 1 in are in f (x), i.e.
∑
1 I n xi is in f (x). Finally, 1 may be contained in f (x). Equality (3.1)
holds. 
Now we turn to general case.
Lemma 3.2. Let f (x) be a bent function of variables , ={y1, . . . , yk} ⊆  such that f (x) is symmetric about any
two variables yi, yj ∈  with i = j , then
f (x) = p(x′) + q(x′)
∑
1 ik
yi +
∑
1 i<jk
yiyj (3.2)
for some functions p(x′) and q(x′) on variables \. Furthermore, if || is even then p(x′) and p(x′) + q(x′) are
bent functions, if || is odd, then p(x′) + yiq(x′) is bent for any i ∈ {1, . . . , k}.
Proof. From Lemma 2.3 for any yi, yj ∈ , i = j , f (x) has a term yiyj , and f (x) has no term of degree greater than
two which has yiyj as its factor. Thus,
∑
1 i<jk yiyj is in f (x) by the arbitrariness of i, j , i = j . So f (x) can be
expressed into
f (x) = p(x′) +
∑
1 ik
qi(x
′)yi +
∑
1 i<jk
yiyj .
Then all the qi(x′) are equal due to the fact that f (x) is symmetric about . Thus, expression (3.2) holds. Remaining
part can be proved by straightforward calculation. 
The inverse of Lemma 3.2 is also true, but we only provide with the following lemma. The proof of the case that ||
is odd is similar.
Lemma 3.3. If = {y1, . . . , yk} ⊆ , k is even, and p(x′) and p(x′) + q(x′) are bent functions of \, then
f (x) = p(x′) + q(x′)
∑
1 ik
yi +
∑
1 i<jk
yiyj (3.3)
is a bent function of  symmetric about .
Proof. We prove it by induction on k. When k = 2, it is just the Theorem 2.1 in Section 2. Now suppose k > 2. Then
f (x) = p(x′) + q(x′)
∑
1 ik
yi +
∑
1 i<jk
yiyj
= p(x′) + q(x′)
∑
1 ik−2
yi +
∑
1 i<jk−2
yiyj +
⎛
⎝ ∑
1k−2
yi + q(x′)
⎞
⎠ (yk−1 + yk)) + yk−1yk
= P + Q(yk−1 + yk)) + yk−1yk ,
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where
P = p(x′) + q(x′)
∑
1 ik−2
yi +
∑
1 i<jk−2
yiyj ,
and
Q =
∑
1k−2
yi + q(x′),
and
P + Q = (p(x′) + q(x′)) + (q(x′) + 1)
∑
1 ik−2
yi +
∑
1 i<jk−2
yiyj .
Because p(x′), p(x′)+ q(x′) and (p(x′)+ q(x′))+ (q(x′)+ 1)=p(x′)+ 1 are all bent functions, both P and P +Q
are bent functions by induction. Now again by Theorem 2.1 in Section 2,
f (x) = P + Q(yk−1 + yk)) + yk−1yk
is a bent function. 
Deﬁnition 3.1. Let f (x) be a Boolean function on variables . A subset  of  is called a symmetric block of f (x)
if it satisﬁes the following two conditions:
1. f (x) is symmetric about the variables in .
2. For any subset  of  containing but not identical to , f (x) is not symmetric about variables in .
Remark 3.4. We need to point out that for any variable xi ∈  there is always a symmetric block  containing xi .
When exchanging xi with any other variable in , f (x) will be transformed into a function other than itself, then
= {xi} is a symmetric block. When f (x) is symmetric about all its variables, then = .
Remark 3.5. It is easy to prove: for any Boolean function f (x) of ,  can be divided into disjoint symmetric blocks
1, . . . ,t . We call these blocks the symmetric block system of f (x).
Theorem 3.1. Let f (x) be a bent function with symmetric block system 1, . . . ,t . Then f (x) can be expressed as
f (x) =
∑
i
(2)i + g(1, . . . ,t ), (3.4)
where(2)i andi are elementary symmetric polynomials ini of degree two and one, respectively, and(2)i =0 when|i | = 1; and g(y1, . . . , yt ) is polynomial of y1, . . . , yt of degree at most one in each yi .
Proof. By Lemma 3.2, if a bent function is symmetric about , then the elementary symmetric polynomial of degree
2 in variable set  is in the expression of f (x), and in any other remaining term, there is at most one variable that
belongs to . Thus, from the condition of this theorem, we can write f (x) as
f (x) =
∑
i
(2)i + S.
Also from Eq. (3.2) in Lemma 3.2, in the expression S, there is no such term that has two variables in the same i .
Suppose there is a term T =xi1 , . . . , xik in S. From Remarks 3.4 and 3.5, for each j, j =1, . . . , k, xij is in someij .
Theseij s are different from each other. By the symmetry about eachij , any term ini1 , . . . ,ik is in S. Thus, S can
be expressed as a polynomial of i1 , . . . ,ik , i.e. S = g(1, . . . ,t ) for some function g(y1, . . . , yt ) of y1, . . . , yt of
degree at most one in each yi . 
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Remark 3.6. The inverse of Theorem 3.1 is not true. For example, let  = {x1, . . . , x6}, and 1 = {x1, x2, x3},
2 = {x4, x5, x6}, then 1 = x1 + x2 + x3, 2 = x4 + x5 + x6, (2)1 = x1x2 + x2x3 + x3x1, (2)2 = x4x5 + x5x6 + x6x4.
It is easy to verify that
f (x) =
∑
i
(2)i = x1x2 + x2x3 + x3x1 + x4x5 + x5x6 + x6x4
is not a bent. But we have the theorem.
Theorem 3.2. If 1, . . . ,t is a partition of ={x1, . . . , xn} and all |i |’s are even, then for every Boolean function
g(y1, . . . , yt ), the function
f (x) =
∑
i
(2)i + g(1, . . . ,t ), (3.5)
is bent. And if 1, . . . ,t ′ is the symmetric block system of f (x), then t ′ t and each i , 1 i t ′ is a union of some
members in {1, . . . ,t }.
Proof. When t = 1, conclusion is true by Lemma 3.1. Suppose t > 1, then g(1, . . . ,t ) can be written into
t g0(1, . . . ,t−1) + g1(1, . . . ,t−1). Thus,
f (x) = (2)t + t g0(1, . . . ,t−1) +
∑
i<t
(2)i + g1(1, . . . ,t−1).
Let q =g0(1, . . . ,t−1), p=∑i<t (2)i +g1(1, . . . ,t−1), then, by induction, p=∑i<t (2)i +g1(1, . . . ,t−1)
and p + q =∑i<t (2)i + g1(1, . . . ,t−1) + g0(1, . . . ,t−1) are two bent functions of \t =1 ∪ · · · ∪t−1.
From Lemma 3.3 f (x) = p + qt + (2)t is a bent function of . The remaining of this theorem is obvious. 
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